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50 POL(j{:Opa( COVY)PK‘?XPS g ﬁvellabth‘}

¢ Qu< immed ate 30a(= Pfovf«ns he Eulec-Po-'anne/ «’denﬂj
d
L tlo-F €€, - € (1Y £y = O

° Recell proot 0f 3D-cage : V-E+F =2
b(d induechen :
® builet P(anar gsapb \/erlex-(ag-ueﬂex / edge—bg-edge
© cdhecle aentily {ex cingle-vertex Grapn

® check Hhot Ccecn Step preseryes l'a(enh‘Fy
. A4

° (on we as well builet higher - climensonel polytopes
piece - by - prece ? ngbe factet-by - Cacet <
— Whal are {ue ojects we ewcovnter on e Way ?
~ Nok guite polyropes, since et ‘clotectop’ yet

— P0|‘;ﬁ°P°' complexes



51 'Polgjl—opa( Complexes

N\

! pelytopes qlued together along facer ¢ net necesear il
" Cintt but €inité
& Suehcien

Del: A (Po(cd!ropo() complex i a fomrly of  (ov our

urpoye
polytopes B, ..., Fn C R co ot .

(7) € PEEZ anat fEF(PY — e T
(i) it PQelZ — PDQ is a face ot both Pond Q.

not &6 common Lace
notr a covwple x

A4

One uses tevminology clofe to polyrepes
e lewmenre of C ove celleo| {Gear
® higneer- ol 'mengional {aces Ck calleat -G’ace-(@

¢ the climeneicn of & & he climenmon o€ a Lacet

Del: 2 is pure i evevy face lies in & Laces

See exawplex above: (1) (¢ pure (2) s not



® each polytope P can be conpicteret as a complex C = FP)

o Hue booancv:.j co\mp(ex of Pcﬂ?d KS
P oP

OP:= F(pPY\ 1P¥. j j

Tvis & a pure (at-1) - complex

Ideaa Coc PCOV\'II\Q E&lev-—?ofnccre/:
® Complexer hae f —~vederr

® {or o covvplex & one vwgh+ At for the value of

X(z) = —{lf'po_'pl + - € ('I)O('Fd .

° lefs buil®t a polytope {acet-by-E€acet- by
enwumevabug ine facere ¥, .. Fin

o cddetexwive Y (+F,)

° Clheck that adlding o (Gcer keeps (denbily valial

BUT I+ furnd o thewe are Cight evwol wyoug cays lo

evuw erate the {ccopn!

— oxddex wetece



2. SheLLingg

— e ngnt way {o ocdev polylope facerr

Tne follocorng definthom o recuisive

Def: a shelling is an @aumevaben F,, ..., Fp, € Fy (P)
ot {ne foceks of IP (works with Guy pure commplex )
So et erfhevy
(i) twe Fiare povks (e Pic o line cegment
—> Ovotei dloes nah mater )
or
(ii) €ocall i€ £, ...,m}= Fn(rFou-uF_) is non-ewpty

aviol awn inika| segment- ot 6 chelling of OF

NOTE: — 9F; icshnellable
_ _F;n(FIU”'U:Ff—() 8 pure (cl-2) —chimensiovial

Exawiples:
— F F Fi
2D
X .
_
e {ice) €ceet T.NF, muet F,u--UF: muer be
cewn be c,vwihe»e be nom-evnplg conneered et cil 1, mes

@j ﬁ

cle neok creatre
holeg

3D:
Fi
i2) ﬂ
F3



(Q: Do polytopes alweye have Shelliugs @

— Yes', but (e us €irey «ee that Snellingy

are inaleect the Nght definihon foc uc.

53 Prou\'mi+he Evler- Porncave idenhiky

Tom: Pe Pd( +hen
o x(py=-f «bo-f, €+ (D%%g =0
or eq_u,:\/c(enHj

o x(9p) = ~(-1)

PeooC :

e assume F,, ..., Fn € Fo- (P s achelliug

e we ac{-uallg chow tue fellowrug :
() X (Fu--UF) =0 as leng ac i < wm,

ena Y(Fuo-oFy) = - (- only whew we put in the
lasy €acet
® we procecd by incuchon on ol
Cx : venty rocluchon bate ol € % 412}
° (Ve neek tue €ollcwivg
Clam: Y (BuD)= () + (D) - y(znD)
— Sincg Y is frnecr in the £-vecter |, thie follows frow

f(evDy=Ff(e)+ (D)~ x(enD)



— taking twe union ZuD addls up twe fece numberr,
Cxeepy where they eve “glueo( togetner ' (in CnD) |
Here we overcoont ondl need to fubiract again .

, e in Y(Ho---vFR)
e leds now chow &) b(d focluction on v :

- IB: i=4 — y(£)=0 by TH(d-1)

Neote: we hewe e intertcornest fnaduectrons
one ond, ene on c.

/

— (€372 ...,mP tuen Here we needt tue
SPQC'(F-;C aeeﬁ'r? ihon of
)C(‘EU"'U:F"-,UE') f <helliyg
— X({lu...uﬁ_l) -+ X[:F:) — X([EUUE—l)nF;)
[ — =2 C —r S 1 Y —>

=0 by TH(i-1) =0 by TH(al-) fnikal Segment
in o ¢helliug of OF;

- —1("m‘h'a.( segment in o chelliug of I )

— Twere are Hwo cases :

L<wm: Hie inthal segmowt & propev (notoll of OF; )

— -X(-)=20 G (one roole? thow Hms
but covw be eafly Jeen
by IH(dl-1) from the dhelliug we

comdiruet lator)
(= s Fo(FovF) = OF,
— —xCd= - () = - (-en*") = —(n°
by TH(el-1) L]



59 EX\‘.S#GT)CQ o€ SheLL(ng&’

Not every coynplex s Cnellabl@

Ex: comvivee 8ow\re(€
Het thie +orus &
ney e llob(e

( the prob lewie Cre Hhe volee)

° one shovld expect thet only “gpherical complexar

ave ¢hellable (&\‘nce we proved XY =0 )

© 'n €act: 2P o a(wa(CrJ’ Shelleble !
© Howerev , one cen ge+ ‘Stucke while helliug ,

o oeomﬁ '+ na.‘ue(j adoel ot Lwovk.

Def: Tne finecr sheliing ie defined asr fouows :
— &lavt trom Pc %
(o]
= look ot rts poler atual P
— fccets ot P corvecponot /o verhces of P
- CVWioo¢ G Sewer\‘e . vechon CE€ TEO{
— oralev verkcar of £° accovee'ng jo <’,C>
—> on facets w0 the Cinecr chelling



In lve (ollowing assuwe tuar F,, .. T & the

Cinecr ¢nelliug, avd V; € Fo(P°) correspoviote 4o T .

_TI_’IVV) :
(i) the &rnear ¢enelliug ie a enelliug of P

(ii) the F; wh p; cp < K (forsome k| form
v (nihel segmeut of a chelliug of oP
({ollows i eatiakely fiom (i) but mpoctent

{o< Yue inctuchue preot )

Peeoof :
° induchor on Ine dimenevon ol o P

e {ix ¢ Cccet Fi, z2 of P
® T; corresponcte to e vertex v; e F,(P°)

o comdiolev e vertex figuse @—\
g
o)

}




— Iecel(: 'Po/'v; is dual to TF;

— verhicee of PYv; correspomat to edger o P°

nccetent to vy | thup 16 focets of P inciotent to F;

® define Mﬂp@plawe H: <-,C>= {u:cp
® verhces of P, “below” M corresponal to boih

1) vernees of P° adjacews to vy that cowme beflore v,
—> ie +0 the T, v, e incictent to T
2) awn ‘nrkal shellug ot F; [bg TH(ot-t) pav+ (ir) )
=
NOTE: repleerng ¢ by —C Showsr 3hak

Fon

oo Fq I8 C Cnelling ar well

— n {'Cc-l—l e is +rue f€ox C'l\/lj chellivg of a Polvl-ope
Ex: i€ F,,...,Fn € @ chelliug of ¢ polytope | «o ir
Foay ..., Fq (Show #his ).

® one caw lde thee to prove tue Dehn-Lfowmwmervrlie

eq_v.a KNenye .



(
Lale aliscuse Some oHer uger ot complexar

9.5, Schlegel cliagramge

= Visualitahon techmrque for 4 polytaper

Det: o point xeB? liee beyond o facot FE Fagoy (P)

i€ it 1o “below" é’ven:-j -C&cef—de@:‘n»‘ug Mﬂyevplcme
Cxceptr the owe of F.

no¥

\
4

. "/ begonal ¥
beyomd ¥ ' o
NN
Det - B e
o (ix o {ceet TE€EIF, (P) \% .
owel ¢ point x beyend F. T \/ '

® project every other face

’
/

F'eF(PI\IPFF onto F

vie point projecHen towovote X .

—> e H)'eldy G Polld)'Ofal cew plex z
with Svppoy F (=: polytopol subctivion of =
-= Ui of all faces

—> Hae i¢ calicd a Schlege| diagrem of P

® The {ull cevnbinatoner of P can be reconctructecy
{rom each Lenlegel iagrawm

Ex: Lchiggel aiagrame are enellable.



Pxcwples: ® cube

projechiom of F' o X
\ 711N\

py e
F | N

/ Sc\nlesel oligevowm of 3-cube

= Subctivv&rom of sc_f_ucve

o U4-cube

= Subchvicion of a
3-cube o
F cevwbinatovie |

cuwpes




© the other vegulev Q*Pol(cr,tope_c-’

&4 —simplex 4- crosepolyrope 2u-cell

i

{ / [wikipedia ]
120 - cell 600~ cell
Ex: clraw Lfehiege( oliogrem of tetraheotvon pricve

= Certesvan pvocuct OfF tetHehedron
cwnat line fegment

Q) is every gubativieson
— ®
of & 3-pelylope a

{chiegel - oliagrawm 2

L4

—> NO: see Zieglev /7

builativg block
OF Nov- Jenlegel
{ubclieyen [2reglec]




5.6. Absicact complexes & polytopol spherep

An obciract polytopeal covnplex Cen Cameisk
o€ po(g}oPe: thal do not Neceseavily l\ve in Jue ame

Bwibsont gcpsee . We u‘o(ewh'fd Hieir feeets cbetrackHs .

Exawmple —

e [c(enh‘{a exger alon3 I { | I
Gyfowysy awct fewe - coloregf > PR l
edlges { { !

— torue l i - (

° [0 not nec@@cw‘lg Cw b edaleal

1nto any Eucliatean space.

® A polytopal sphere i€ aen abgiact Comiplesx

Nemeowiovpnc to G Cpnere

€g. BPiroc polyropol sphere
BUT nox every pelytopel sphere correr
from o polytope !
Ex: Cenchrruct fuch o sphere €row

—_—

a non- Lehegel subctivieyon .



® A gimpliciel cowiplex reep. Sphere & @
polgropal complex Tesp. Spnere where Guery foce

S & S'mplex.

Eg P «Sx’mph'cl'o( Poltdl—()pe

e —

— oP s a siwplicial Sphere

Some facks abour symplicial gpnerss :
© nor euelty Simpliciel sphere
comes trewn a polylrope
— Smallesr exawple: =& fo =&
— OFEN: Does cvery Simplicial §phere come

frovn o nNown -cornvex polytopc 4

o it (¢ Olgarfwvw‘cc.llj undeciolaple whethov

G .(’\'VMPI\'CL'G( cowpl@x (¢ 0 vuplicic( Spwere

) mo\nj commdinatroviel resulty {or Simplicial polytopes
extend 1o .cph@re&
- Dehn - Sevmumevv:lle eguahemns
- Uppev bouvna theovevn
- 8-1—V\WV\A
— pPhilocepnical pornt: thale resul+e Gre wiovre apovt

being Sprnecical tuoun abok beivg convex



